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In any generally covariant theory of gravity, we show the relationship between the linearized
asymptotically conserved current and its non-linear completion through the identically conserved
current. Our formulation for conserved charges is based on the Lagrangian description, and so
completely covariant. By using this result, we give a prescription to define quasi-local conserved
charges in any higher derivative gravity. As applications of our approach, we demonstrate the angular
momentum invariance along the radial direction of black holes and reproduce more efficiently the
linearized potential on the asymptotic AdS space.
Identifying the conserved charges has always remained
one of the most important and interesting issues in classi-
cal general relativity. There are now various approaches
to calculate conserved quantities, having their own merits
and demerits. The equivocality among these approaches
is the reflection of our ineptness to construct the Noether
current in an unambiguous way when local gauge sym-
metries are present. This problem has been tackled, up
to certain extent, by focusing on total conserved charges
corresponding to Killing vectors at the asymptotic infin-
ity of the spacetime. This is precisely the content of the
ADM formalism [1]. The formalism works well and gives
good physical intuition for the asymptotically flat space-
time in Einstein gravity. However, for a generic space-
time, e.g. black holes in AdS spacetime, it is proved to
be insufficient. In the another development, initiated by
Abbott, Deser and Tekin (ADT) asymptotic conserved
charges are obtained in a covariant manner [2, 3]. This
approach is especially useful for the asymptotically AdS
space-time in Einstein as well as general higher derivative
theories of gravity.
In contrast, an appropriate generalization of asymp-
totic conserved charges at the quasi-local level is one of
unresolved issues in this area. There are several proposals
to compute quasi-local charges (see [4] for an extensive
review and the refs. therein). For instance, the Brown-
York method [5] modified by introducing an appropriate
counter term [6] has been quite effective. However, this
construction is not covariant and it has not been known
to be completely consistent with the ADM or ADT for-
malism [2]. Another interesting expression for quasi-local
charges is due to Komar [7]. Though this approach is con-
ceptually not so transparent, one may obtain consistent
results for total charges in asymptotically flat geometry.
However, the corresponding expression of mass for AdS
black holes gives us a divergent result. In usual Einstein
gravity this difficulty has been cured by subtracting the
background contribution. The resultant expression sup-
plemented with the surface term leads to the correct ex-
pression for the mass and angular momentum [8]. This
formalism by Barnich et al. plays a crucial role in deter-
mining the central charge in the Kerr/CFT correspon-
dence [9]. Unfortunately, there exists no clear-cut proce-
dure for obtaining the quasi-local expressions when the
higher derivative terms are present in the action. This
has become one of the major stumbling block in any at-
tempt to extend the Kerr/CFT duality to generic higher
derivative theories of gravity (but, see [10]). The fact
that none of the derivations of the quasi-local charges is
truly clinching has led to open problems leading to alter-
native approaches with fresh insights.
In this letter, we would like to propose a novel way to
obtain the quasi-local conserved charges for black holes in
any diffeomorphically invariant theory of gravity. A new
observation is to define the off-shell Noether potential in
terms of the off-shell (i.e. without using the equations
of motion) conserved current. By considering an appro-
priate variation of the metric, we are able to establish a
one-to-one correspondence between the ADT formalism
and the linear Noether expressions. It is worth men-
tioning that similar connection has also been observed in
Einstein gravity [8, 11]. However, the on-shell conserved
current has been used and thus the whole approach be-
comes rather complicated. On the other hand, in our for-
malism this complication cease to exist mainly because of
the off-shell characteristics of Noether and ADT poten-
tials. Once we obtain the linearized Noether potential,
the quasi-local charges can be easily computed.
Let us now consider a generally covariant theory of
gravity in D spacetime dimensions with an action
I[gµν ] =
1
16piG
∫
dDx
√−g L[gµν , R,Rµν ,∇R,∇Rµν · · ·] .
(1)
The variation of the above action with respect to gµν is
given by
δI =
1
16piG
∫
dDx
[√−gEµνδgµν + ∂µΘµ(g; δg)
]
, (2)
where Eµν = 0 denotes the equation of motion(EOM) for
the metric and Θ denotes the surface term.
Under the diffeomorphism ζ, the metric transforms as
δgµν = ∇µζν + ∇νζµ while the corresponding change
in the Lagrangian density is given by δζ(L
√−g) =
2∂µ(
√−g ζµL). By equating this diffeomorphism trans-
formation with the generic variation (2) and exploiting
the Bianchi identity ∇µEµν = 0, one can obtain the iden-
tically conserved (off-shell) current for a generic back-
ground metric g as [12]
Jµ(g ; ζ) = 2
√−gEµν(g) ζν + ζµ
√−gL(g)−Θµ(g ; ζ) .
(3)
Note that this off-shell current becomes the conventional
one and leads to the black hole entropy, when EOM E = 0
is used [13]. Since Jµ is identically conserved, ∂µJ
µ = 0,
the anti-symmetric second rank tensor Kµν , to which we
shall refer as the (off-shell) Noether potential, can be
introduced such that Jµ ≡ ∂νKµν .
In order to see the relation of the off-shell current for
the diffeomorphism to the linearized conserved current
for a Killing vector ξ, it is useful to consider the change
in the Noether potential under the variation of the met-
ric g → gµν + δgµν which preserves the Killing vector:
δξµ = 0. Then, under such variation of the metric, the
corresponding change in the off-shell current can be writ-
ten in terms of the Noether potential K as
∂ν(δK
µν) = 2δ
(√−g Eµνξν
)
+ ξµδ(
√−gL)− δΘµ(g; ξ) .
(4)
Now, let us go through the construction of conserved
charges by Abbott-Deser-Tekin [2, 3]. For a given solu-
tion of EOM with a Killing vector ξ, one can introduce
a current as J µ = δEµνξν , where δEµν denotes the lin-
earization of EOM. The current defined in such a way
is conserved on-shell. This allows us to introduce the
so-called on-shell ADT potential, Qµν as J µ ≡ ∇νQµν .
Note that, unlike the off-shell Noether potential the ADT
potential is defined for the solution of EOM at the lin-
earized level only. It is precisely this potential that has
been used to compute the ADT charges.
Interestingly, one can also elevate this on-shell current
to the off-shell level [14] as
J µADT ≡ δEµνξν + Eµαhανξν −
1
2
ξµEαβhαβ + 1
2
hEµνξν ,
(5)
where h denotes the variation of the metric, hµν ≡ δgµν ,
and indices are raised or lowered by the background met-
ric g. The corresponding off-shell ADT potential QµνADT
is given by J µADT = ∇νQµνADT , which can be rewritten in
the form of
δ(
√−gEµνξν)− 1
2
√−g ξµEαβhαβ = ∂ν(
√−gQµνADT ) .
(6)
One may note that δξµ = 0 is also assumed in this case,
which is the case in the on-shell ADT formalism.
Now, we would like to reveal a relationship between
this off-shell ADT potential and the off-shell Noether po-
tential. By combining Eq. (6) with the differential rela-
tion (4) with ζ being taken as a Killing vector, and by re-
calling the generic variation δ(
√−gL) = −√−gEµνhµν +
∂µΘ
µ(h) from the equation (2), one can see that
√−g QµνADT (g ;h) =
1
2
δKµν(g ; ξ)− ξ[µΘν](g ;h) . (7)
This is our essential result which shows us explicitly the
relationship between the ADT potential and the Noether
potential. For the final derivation, we have used the co-
variant form of the Θ term and the following configura-
tion space result given in [15]
LξΘµ(g ; δg)− δΘµ(g ; ξ) = 0 , (8)
where Lξ denotes the Lie derivative along the Killing vec-
tor ξ and δ does the variation of the background metric
g. Note that QµνADT , itself is conserved when g and h
satisfy the EOM and the linearized EOM, respectively.
We would like to emphasize that the above derivation
is based on the identically conserved or off-shell current
in Eq.s (3) and (5). Consequently, the background met-
ric does not need to be a solution of EOM to begin with.
This can be compared with the configuration space ap-
proach taken by Wald et al. [13, 15, 16] wherein the
backgroundmetric must satisfy the unperturbed Einstein
equations. Like in the on-shell case, the above deriva-
tion of the relation between the ADT potential and the
Noether potential also suffers from several ambiguities.
For instance, since we have used the differentiated rela-
tion given in Eq. (4), the relation can be determined up
to an identically vanishing term ∂ρU
µνρ given by a to-
tally anti-symmetric third rank tensor Uµνρ. However,
since the definition of the ADT potential itself contains
the same ambiguity or it relies on the cohomology only,
one can take the relation between the ADT potential and
the variation of the off-shell Noether potential as given in
Eq. (7). Furthermore, the surface term Θ also contains
some ambiguities [16]. Nevertheless, it gives us the cor-
rect conserved charges after matching with the linearized
charges. This argument can be applied to our approach,
too. Another point which we would like to highlight here
is that the relation (7) can be effectively used as a def-
inition for the ADT potential. This way of defining the
ADT potential has a distinct advantage over the conven-
tional approach when higher derivative terms are present
in the theory.
Usually the linearization is regarded as meaningful
only at the asymptotic infinity to guarantee the va-
lidity of the linearization. To overcome this difficulty
and to introduce quasi-local conserved charges, it has
been proposed to use one parameter path in the solution
space [8, 11, 16, 17]. More explicitly, a path can be taken
as the interpolation through a free parameter Q in the
solutions of EOM, by the parameter s as sQ (0 ≤ s ≤ 1).
According to this approach, it is straightforward to inte-
grate the linearized potential in Eq. (7) under the appro-
priate conditions [8] and to obtain quasi-local conserved
charges. By integrating the one-parameter variable s, one
3can obtain the conserved charge for the on-shell back-
ground g as
Q(ξ) =
1
8piG
∫ 1
0
ds
∫
dD−2xµν
√−g QµνADT (g|s) , (9)
where dD−2xµν denotes the anti-symmetrized integration
over coordinates of the co-dimension two subspace. This
expression, which is the extension of the Einstein grav-
ity case given in [8], is a meaningful definition for con-
served charges since
∫
ds
√−gQµνADT is conserved at the
non-linear level whenever the integration is well-defined.
The conserved charge given in Eq. (9) can be defined
in the interior region not just at the asymptotic infinity
as in [16, 17]. By using Eq. (7), the quasi-local conserved
charge corresponding to a Killing vector ξ can be even-
tually written as
Q(ξ) =
1
16piG
∫
dD−2xµν
(
∆Kµν(ξ)− 2ξ[µ
∫ 1
0
ds Θν]
)
,
(10)
where ∆Kµν(ξ) ≡ Kµνs=1(ξ) −Kµνs=0(ξ) denotes the finite
difference between the two end points of the path and
Kµνs=0 may be taken just as the vacuum solution. We are
going to stress that this can be taken as the proposal for
the quasi-local conserved charges in any covariant theory
of gravity, which become identical with the ADT charges
at the asymptotic infinity. This can also be regarded
as the generalization of the Einstein gravity case [17] to
generally covariant theory of gravity and as the exten-
sion of the result on the asymptotically flat space [16] to
the arbitrary asymptotic one, especially to the asymp-
totic AdS one. Note also that our formulation resolves,
through the surface term contribution and the matching
with the linearized ADT potential, the normalization is-
sue [18] of the Noether potential on the asymptotic AdS
space with the background subtraction.
We now apply our formalism to some specific examples,
and in the process we obtain some new features.
(i) Invariance of angular momentum: One of the inter-
esting consequences of our expression given in (10) for
quasi-local conserved charges is the angular momentum
invariance along the radial direction of black hole solu-
tions. To show this, let us take the rotational Killing
vector of axi-symmetric black hole solutions as ξR =
∂
∂θ
and the integration measure as orthogonal to time and
radial directions, dD−2xtr . These choices guarantee the
absence of the contribution coming from the surface term
in Eq. (10). Furthermore, the background value of gen-
eralized Noether potential Kµνs=0 for the flat or the AdS
space can also be shown to vanish. As a result, the an-
gular momentum, which is given by
Jr = Q(ξR) =
1
16piG
∫
Br
dD−2xµν K
µν(ξR) , (11)
becomes independent of the radial position, r through the
Stokes’ theorem. This result explains the validity of the
usage of the Komar’s expression for conserved charges in
some cases. Note that this kind of invariance is known, in
a somewhat different way, in Einstein gravity [19]. More-
over, the invariance of the angular momentum has been
crucially used for the matching between the entropies of
infra-red and ultra-violate CFT’s which are dual to the
near horizon and asymptotic AdS3 spaces of extremal
black holes [20].
(ii) Higher curvature case: To obtain the concrete expres-
sion for total or quasi-local conserved charges, let us con-
sider a gravity Lagrangian which contains only the invari-
ants of curvature tensors: L = L[g,R,R2, RµνRµν , · · ·].
In this case, it is convenient to treat the curvature ten-
sors as independent variables and introduce the covari-
ant current and Noether potential as Jµ ≡ √−gJ µ,
Kµν ≡ √−gKµν . Note that Eµν can be represented by
Eµν = P αβγ(µ Rν)αβγ − 2∇ρ∇σPµνρσ −
1
2
gµνL , (12)
where P -tensor is defined as Pµνρσ ≡ ∂L/∂Rµνρσ. And
the surface term Θ may be taken by
Θµ(δg) = 2
√−g[Pµ(αβ)γ∇γδgαβ − δgαβ∇γPµ(αβ)γ ] .
(13)
Though this surface term has some intrinsic ambiguities,
we adopt this form in the following. Writing the surface
term Θ in term of δgµν ,one can obtain the above current
in the form of
J µ = 4∇νPµ(ρσ)ν∇ρξσ+2Pµνρσ∇ν∇ρξσ−4ξσ∇ν∇ρPµνρσ .
(14)
Then, the covariant Noether potential is given by
Kµν = 2Pµνρσ∇ρξσ − 4ξσ(∇ρPµνρσ) . (15)
In Einstein gravity, it turns out that Kµν = 2∇[µξν].
Therefore, the above Kµν expression can be regarded as
a natural extension from Einstein gravity [7, 11]. By
using our result and the covariant form of the surface
term Θ =
√−gΘ, the ADT potential in these theories
cab be given by
2QµνADT = δKµν +
1
2
hKµν − 2ξ[µΘν] . (16)
Note that there needs no ad-hoc adjustment of the fa-
mous factor two in the Komar’s expression since it is
matched with the twice of the ADT potential in our
formulation. The similar observation was done in the
asymptotically flat case in the covariant phase space ap-
proach [15]. By using the Noether potential in the higher
curvature gravity, one can obtain the ADT potential for
arbitrary background in a simplified and systematic way.
Specifically, one can show that the ADT potential for the
Rn term is given by
QµνRn = nR
n−1QµνR + n δR
n−1∇[µξν]
+2nξ[µ∇ν]δRn−1 − nξ[µhν]α∇αRn−1 ,
4where the ADT potential for the R term, QµνR , and
δRn−1 ≡ (n− 1)Rn−2 δR term are given respectively by
QµνR ≡ ξα∇[µhν]α − hα[µ∇αξν] +
1
2
h∇[µξν]
−ξ[µ∇αhν]α + ξ[µ∇ν]h ,
δRn−1 = (n− 1)Rn−2(−Rαβhαβ +∇α∇βhαβ −∇2h) .
This expression matches completely with the known re-
sults for R and R2 terms as special cases.
(iii)BTZ black holes: In contrast with the angular mo-
mentum of AdS black holes, it turns out that, in order to
obtain the correct mass of AdS black holes, one needs to
subtract the background value of the Noether potential
(see some earlier attempt [21]) and should add the surface
term contribution. As an example, let us consider rotat-
ing BTZ black hole solutions [22] in three-dimensional
higher curvature gravity. Since the P -tensor is divergence
free for the BTZ case, ∇µPµνρσ = 0, one can explicitly
show that the mass expression comes entirely from the
surface term while the contribution from ∆K vanishes.
Furthermore, since the central charge of the boundary
dual CFT is proportional to gµν(∂L/∂Rµν), one can show
that the mass and the angular momentum of BTZ black
holes become proportinal to the central charge.
In conclusion, we have established a relation between
the ADT potential and the linearized Noether potential
for any higher derivative theory of gravity. The key in-
gredient of our derivation was using the off-shell current.
This finding has solved the issue raised by Wald et al.
in [16]. The equivalence has also enabled us to identify
the ADT charges with the linearized Noether charges,
both of which are defined at the asymptotic boundary of
the spacetime. By integrating the linearized Noether ex-
pression along a one parameter path in the solution space,
we have proposed an appropriate definition of quasi-local
charges which are matched consistently with the ADT
charges. The upshot of our approach is that the Noether
potential with a surface term is sufficient to obtain quasi-
local charges compatible with ADT charges in any co-
variant theory of gravity. Since the ADT and Noether
charges are related in one-to-one fashion, we can obtain
the ADT potential more easily. Our formulation would
be very useful in the Kerr/CFT duality. It would be re-
ally interesting to use our result for quasi-local charges
and extend the extremal-Kerr/CFT correspondence to
higher derivative theories of gravity.
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